Recently, Rastall gravity is undergoing a significant surge in popularity. We obtain a power-law total mass-density profile for the inner region (within several effective radius) of early-type galaxies (ETGs) from the space-time structures which are described by the static spherically-symmetric solutions of Rastall gravity under the assumption of perfect fluid matter. We find that in the inner region of ETGs, the Rastall dimensionless parameter β = κλ determines the mass distribution. We then use 118 galaxy-galaxy strong gravitational lensing systems to constrain the Rastall dimensionless parameter β. We find that the mean value of β for total 118 ETGs is β = 0.163 ± 0.001(68% CL) with a minor intrinsic scatter of δ = 0.020 ± 0.001. Our work observationally illustrates the physical meaning of the Rastall dimensionless parameter in galaxy scale. From the Newtonian approximation of Rastall gravity, we also find that an absolute isothermal mass distribution for ETGs is not allowed in the framework of Rastall gravity.
INTRODUCTION
The energy-momentum conservation law (OCL) is one of the basic elements in General Relativity (GR), but as Rastall (1972) argued, it is fuzzy and unclear. Therefore, some generalized GR have been put forward, aiming to relax the conservation condition of energy-momentum tensor. Rastall gravity (Rastall 1972 (Rastall , 1976 ) is one of these generalized GR. In Rastall gravity, the OCL is changed to T µν ;µ = λR ,ν , and if the space-time is flat, the OCL would back to Einstein formalism. We can understand Rastall gravity under Mach principle which means that the inertia of a mass distribution is dependent on the mass and energy content of the external spacetime (Majernik & Richterek 2006) . For Rastall gravity, there are many applications in cosmology and black hole spacetime Darabi, Atazadeh & Heydarzade 2018; Fabris et al. 2012; Lobo et al. 2018) .
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But in galaxies, we have not found its applications. Also, there are no observational constrains to the parameters in Rastall gravity.
If one want to use Rastall gravity to study galaxies (e.g., the mass distribution), solving the field equation is necessary. However, the matter in galaxies is varied, bringing difficulties to solve the field equation. A practical alternative is to treat all the matter in galaxies as perfect fluid. As we know, a galaxy mainly contains two fractions, the stellar fraction and the dark matter fraction. For the stellar fraction, there are little sticky, shear stresses and viscosity. Therefore, we can safely treat the stellar fraction as perfect fluid. For the dark matter fraction, we know little about it. Many models of dark matter have been proposed. Among them, the cold dark matter model (CMD; Dubinski & Carlberg 1991; Navarro, Frenk, & White 1996) is the most popular one. However, at small scale (e.g., galaxy scale), several observations are not in accordance with the predictions of CDM, such as the "missing satellites" problem and the "cusp-core" controversy (e.g., Kravtsov 2009; Amendola et al. 2018) . Therefore, some other dark matter models, such as the warm dark matter model (WDM; Viel et al. 2005) , the fuzzy dark matter model (FDM; Press, Ryden, & Spergel 1990; Sin 1994) , have been proposed to explain the observations. Recently, a perfect fluid dark matter model (PFDM; Rahaman et al. 2010 Rahaman et al. , 2011 was also proposed, in which the dark matter is described as perfect fluid without sticky, shear stresses, viscosity. Rahaman et al. (2010) explained that many dark matter models predict anisotropic dark matter fluid stress tensor when explain the flat rotation curves of spiral galaxies. However, no physical mechanisms and observational evidences support it. Therefore, treating dark matter as an isotropic perfect fluid seems to be reasonable, because the predictions from such model at stellar and cosmic scales have been identified by observations.
In this work, we use galaxy-scale strong gravitational lensing to constrain the parameters in Rastall gravity. We know that the light can be blended by massive objects. If a source galaxy is located behind a foreground galaxy, its light would be blended by the gravity of the foreground galaxy. Therefore, around the foreground galaxy, we are able to find several images of the source galaxy. We call this phenomenon as galaxy-galaxy strong gravitational lensing. Generally, the locations of the images can help us to obtain the Einstein radius of the lensing system, and then we can obtain the precise Einstein mass (the total mass within the Einstein radius) from the Einstein radius. However, if we want to infer the total mass inside a sphere with any radius r from the Einstein mass, the mass distribution of the foreground galaxy is also needed. For early-type-galaxies (ETGs), a power-law mass density profile is often assumed. For example, a method named the joint analysis of gravitational lensing and dynamical data is often used to study the mass properties of the foreground ETGs in lensing systems (Koopmans et al. 2006 Auger et al. 2010; Bolton et al. 2012; Sonnenfeld et al. 2013) . In this analytic technique, the power-law mass density profile is a basic assumption. Another example is about the cosmology. In order to obtain the accurate time-delay distances from strong lensing, Suyu et al. (2013) used elliptically symmetric distributions with power-law profile to model the dimensionless surface mass density of the lens galaxies. The power-law mass density profile seems to be reasonable, as illustrated by the modeling of X-ray data (Humphrey & Buote 2010) and strong lensing and stellar kinematics (Koopmans et al. 2006; Auger et al. 2010) , but the origin of this profile remains unclear.
In this work, we derive a power-law mass density profile for ETGs from Rastall gravity by treating the matter in ETGs as perfect fluid. Then we use 118 gravitational lensing systems to constrain the parameters in Rastall gravity. Throughout this paper, R is the radial coordinate in two-dimensions and r is the radial coordinate in threedimensions. We adopt a fiducial cosmological model with Ω m = 0.274, Ω Λ = 0.726, and H 0 = 70 km s −1 Mpc −1 .
THEORETICAL BASIS
In this section, we will introduce the theoretical basis of our study, including the thoery of Rastall gravity, the spherical symmetry solution of Rastall gravity for perfect fluid matter and the knowledge of galaxy-galaxy strong gravitational lensing.
Rastall gravity
Rastall gravity was proposed in Rastall (1972) . In his work, Rastall argued that the ordinary OCL is not necessarily conserved in curved spactime. Because people have only checked the OCL in the flat spacetimes, we should not confine ourselves to it in the curved spacetime. Rastall also suggested that in general we should have T µν ;µ 0, and such claim is in full agreement with recent observations (Josset, Perez, & Sudarsky 2017) . Rastall proposed to consider the OCL as
This option leads the gravity field equation to be
where T µν is the energy-momentum tensor of matter. κ and λ are the Rastall gravitational coupling constant and the Rastall constant parameter, respectively. When λ = 0, the gravity field Equations 2 reduces to Einstein equation in GR. Rastall gravity does not introduce either a new energymomentum tensor or a rearranged energy-momentum tensor, and it only attribute a new property to the energymomentum tensor in the curved spacetime . Therefore, in Rastall gravity, there is an unknown interaction between geometry and matter field which needs more studies to be known and understood. A true modified gravity should recover the Newtonian gravity at its appropriate limit. For Rastall gravity, the Newtonian approximation is (Rastall 1972; Moradpour, Sadeghnezhad, & Hendi 2017a; )
where κ G = 4πG and G is the Newton gravitational constant. Only when λ = 0, the Einstein coupling constant κ E = 8πG is recovered. This equation will be used to infer the values of κ and λ in Section 3.
Spherical symmetry solution of Rastall gravity for the perfect fluid
In , the spherically symmetric space-time metric in the perfect fluid is given by
For Rastall gravity, f (r) is
where α is an integration constant representing the surrounding field structures. ω is the equation of state defined by ω = p/ρ, where p and ρ are the pressure and energy density of the perfect fluid, respectively. Substituting Equation 4 into Equation 2, we can obtain the energy density of the perfect fluid matter
In this work, we consider the case of galaxies. Because the velocity dispersion of the galaxies is much smaller than the speed of light, the energy density of the perfect fluid can be approximated as the mass density of the galaxies. Therefore, the total mass of the galaxies inside a sphere of radius r is
Let's define β = κλ, β is a dimensionless constant, we call it as Rastall dimensionless parameter. We then obtain
which describes how mass evolves as a function of radius r on the basis of Rastall gravity. For galaxies and galaxy clusters, the evidences from theories and observations provide that ω is extremely close to 0 (e.g., Rahaman et al. 2010; Sartoris et al. 2014; Potapov, Garipova, & Nandi 2016) . Therefore, we let ω = 0 in this work. Specially, if β = 0, Equation 8 reduces to GR formalism. Then the power-law index only depends on ω. The mass of a galaxy would concentrate in the center (because ω is extremely close to 0), meaning that GR can't describe the mass distribution of a galaxy.
Galaxy-galaxy strong gravitational lensing
For a galaxy-galaxy strong gravitational lensing system, the light from the source galaxy could be deflected by the foreground galaxy, forming arcs or multiple images around the foreground galaxy. We can infer the Einstein radius θ E through the locations of these arcs or images. The density inside the Einstein radius is the critical projected mass density described as
where D l and D s are the angular-diameter distances of the lens and the source, respectively. D ls is the angular-diameter distance between the lens and the source. The mass inside the Einstein radius is named Einstein mass written as M ein = πR 2 E Σ crit , where R E = D l θ E . An empirical power-law total mass-density profile is usually assumed to describe the 3-dimensional mass distribution of ETGs (e.g., Koopmans et al. 2006 Koopmans et al. , 2009 Auger et al. 2010; Bolton et al. 2012) . The empirical total mass-density profile has a form of
where γ is the effective slope given by Treu & Koopmans (2004) , ρ 0 is determined by the Einstein mass M ein , and r 0 can be chosen arbitrarily (Koopmans et al. 2006) . For a lens galaxy, when the power-law total mass-density profile is assumed, the 3-dimensional total mass inside a sphere of radius r can be obtained by projecting the 2-dimensional Einstein mass to the 3-dimensional space as
where
CONSTRAINING RASTALL PARAMETERS WITH GRAVITATIONAL LENSING
Equation 8 theoretically predicts the 3 dimensional total mass inside a sphere of radius r in Rastall gravity, while Equation 11 empirically describes the 3 dimensional total mass based on the assumption of a power-law mass-density profile. It is noted that Equation 8 and Equation 11 have a similar power-law form. Now, equaling the power-law indexes of these two equations, we get
Assuming ω = 0, we obtain
where γ can be inferred from gravitational lensing. After known γ, we can easily obtain the values of β. In this work, totally 118 gravitational lensing samples are used to constrain β. The lensing samples come from SLACS (Auger et al. 2009 (Auger et al. , 2010 , BELLS , BELLS GALLERY (Shu et al. 2016 ) and SL2S (Sonnenfeld et al. 2013) . For SLACS and SL2S samples, the slope γ for each lens galaxy has been provided (Auger et al. 2010; Sonnenfeld et al. 2013) . But for BELLS and BELLS GALLERY samples, we have to use the joint analysis of gravitational lensing and dynamical data (Koopmans & Treu 2003; Treu & Koopmans 2004; Koopmans et al. 2006) to infer the best slope γ (the result have been published in Li, Shu, & Wang 2018) . Next, we use γ to obtain the value of β for each lens galaxy using Equation 14, and then plot the distribution of β in Figure  1(a) . We find that the distribution of β is approximately Gaussian. The mean value of the Gaussian distribution is β = 0.163 ± 0.001(68% CL, the flowing are same), with a minor scatter of δ = 0.020 ± 0.001.
After known β, we can infer the values of κ and λ from Equation 3. In order to simplify the calculation, we difine 8πG ≡ 1, then κ G = 1/2. Now we obtain
The distributions of κ and β are shown in Figure 1 (b) and 1(c), respectively. Here, we note that β can not be 1/6, because if β = 1/6, then κ = ±∞. It is not allowed in Equation 2 and Equation 3. From Equation 14 we know that if β = 1/6, the mass density slope of ETGs would be γ = 2, which is an isothermal distribution. However, β = 1/6 is not allowed in the Newtonian approximation of Rastall gravity, meaning that the mass distribution of ETGs can not be absolutely isothermal.
DISCUSSION

The intervals of β
The energy condition for the Rastall gravity can help us to exame the rationality of our result for β. The weak energy condition (WEC) requires that the measured total energy density of all matter fields for any observer traversing a time-like curve is never negative. In the standard locally nonrotating frame (LNRF, Toshmatov, Stuchlík, & Ahmedov 2015) , it requires T ηξ µ η µ ξ ≥ 0, where µ η is the four velocity and µ ξ is the time-like vector. In our study, we ignore the pressure of the matter and let the equation of state as ω = 0. Therefore, the WEC requires ρ ≥ 0.
The attractive nature of gravity implies that the geodesics should converge leading to
called the strong energy condition (SEC). It can be combined with Equation 2 to reach
which recovers SEC in the framework of GR when β = 0. For a pressureless source, it leads to
combined with Equation 15 we obtain the strong energy condition to be ρ ≥ 0. Now, combine the requirement of WEC and SEC with Equation 6, we finally get
In order to infer the admitted intervals for β from WEC and SEC, we also need to consider
According to Equation 19 and 20, if α > 0 and κ > 0, we get 0 ≤ β ≤ 1 6 . If α < 0 and κ < 0, we get
. The general range of the slope γ for the inner region of ETGs is 1 < γ < 3, corresponding to 0 < β < 2/9, satisfying the above two cases. Other two cases, α > 0 and κ < 0, or α < 0 and κ > 0, would result in β ≤ 0 or β ≥ 1 4 , which is not allowed in our study. In addition, if α = 0, κ can be both positive and negative.
Rastall gravity has also been applied to study some other intresting problems, and these works also gave some different intervals for β. For example, Moradpour, Sadeghnezhad, & Hendi (2017a) studied the properties of traversable wormholes in the framework of Rastall gravity. They indicated that for some values of β, unlike the Einstein theory, traversable wormholes were also supported by the ordinary matter in the Rastall theory. They found that if the equation of state ω → 0, to allow the existence of wormholes, the Rastall dimensionless parameter should be β > 1/2. Our study for ETGs is also the case of ω → 0, the general range of β is 0 < β < 2/9. Therefore, the special type of traversable wormholes (ω → 0 case) studied in Moradpour, Sadeghnezhad, & Hendi (2017a) can not be supported by the allowed interval of β obtained in our study. Another interesting inference from Rastall gravity is that the coupling between geometry and pressureless matter fields can theoretically describe the current accelerated and inflation phases of the universe without introducing strange sources (e.g., dark energy) (Al-Rawaf & Taha 1996a,b; Arbab 2003; Moradpour et al. 2017b,c) . In particular, in Moradpour et al. (2017b) , the expansion of the universe requires β < 1/4 or β > 1/3. Although our result satisfies the case of β < 1/4, we do not think it could be a supportion for that the coupling between geometry and pressureless matter fields in Rastall grivity can explain the expansion of the universe. Because our results are just limited to the galaxy scale. For a different scale (e.g., galaxy cluster scale or cosmical scale), the observational values for β may be different.
The power-law mass density profile
The well known assumption of power-law mass distribution for ETGs has not been explained with GR. Now, we find that it is a nature result of Rastall gravity. The Rastall dimensionless parameter β in Rastall grivity determines the mass distribution of ETGs. At beginning, the power-law mass-density profile was used in Koopmans & Treu (2003) . In their work, they supposed the total mass distribution of luminous plus dark matter of ETGs follows a single power-law ρ t ot ∝ r −γ , where γ is the "effective slope". Then they used this profile to fit the lensing system 0047-281 and got γ = 1.90 ± 0.05. Treu & Koopmans (2004) and Koopmans et al. (2006) made further discussions for the rationality of the power-law mass distribution assumption. They suggested that if the mass-density profile of ETGs are different from a power-law, one should expect the density slope inside Einstein radius to change with the ratio of Einstein radius to effective radius. However, their works, as well as the later works (e.g., Koopmans et al. 2009; Ruff et al. 2011; Sonnenfeld et al. 2013) , found that the mass-density slope has no relation with the ratio of Einstein radius to effective radius, supporting that the assumption of a single power-law shape for the total mass-density profile is valid. All of these works indicated that the assumption of the power-law mass-density profile for the inner region of ETGs seems to be reasonable, but no one has theoretically explained it. Now we present that the power-law total massdensity profile is a natural result of Rastall gravity.
In fact, our work is not the first work to study gravitational lensing effects in the Rastall gravity framework. Abdel-Rahman (2001) and Abdel-Rahman & Hashim (2005) have studied the lensing probability in a flat cosmological model with Rastall gravity. They found that the lensing probability predicted by Rastall gravity is consistent with the gravitational lensing data. The Rastall gravity could also be used to study other gravitational lensing problems, such as the strong or weak lensing caused by galaxy cluster, the weak lensing caused by large-scale structure. Next, we will use the Rastall gravity to study the galaxy cluster scale weak lensing. We also expect that this kind of weak lensing could provide some constrains to the Rastall parameters.
CONCLUSIONS
In this paper, we derived a power-law mass-density profile for ETGs from Rastall gravity under the assumptions of spherical symmetry mass distribution and the perfect fluid matter. Then we use 118 galaxy-galaxy strong gravitational lensing systems to constrain the parameter β(= κλ) in Rastall gravity and obtain β = 0.163 ± 0.001(68% CL) with a minor intrinsic scatter of δ = 0.020 ± 0.001. Our results satisfy both the strong energy condition and the weak energy condition. The Rastall dimensionless parameter β determines the mass distribution of ETGs, acting similarly as the experiential power-law mass density slope γ (Koopmans & Treu 2003; Koopmans et al. 2006 ). We also find that an absolutely isothermal mass distribution for ETGs is not allowed in the the framework of Rastall gravity.
